Abstract. Using the theory of modular forms, we prove some arithmetical identities similar to certain convolution formulae for sums of divisor powers proved by Ramanujan in 6]. In Theorem 1 we also prove a somewhat di erent formula involving an unusual multiplicative arithmetical function and containing an error term.
Introduction.
Let m (n) denote the sum of the m-th powers of the positive divisors of n; and let m (0) = 1 2 (?m) where (s) is the Riemann zeta-function. In this paper, using the theory of modular forms, we prove seven identities of the following type: (1) n=m] X k=0 r (k) s (n ? mk) = P r+s+1 (n) + Qn r+s?1 (n); which hold for every n satisfying suitable congruences, for suitable integers m 2 and r; s = 1 or 3, and for rationals P and Q (Theorem 2). We also prove a further identity similar to (1) but of a slightly di erent kind, namely n X k=0 k 1mod3 1 (k) 1 (n ? k) = 1 9 3 (n) for every n 2 mod 3:
In a celebrated paper 6], Ramanujan, using elementary arguments, proved nine identities of the type (1) with m = 1: Ramanujan's nine identities can be also obtained in a natural way from the theory of modular forms for the full modular group (see 9]). A short elementary proof of Ramanujan's identities is due to Skoruppa 12] .
We remark that one of the formulae we prove in Theorem 2, namely (10) below, is explicitly mentioned by Ramanujan himself in 6]. Unfortunately, he never provided either of the two proofs he announced. The rst proof of the formula (10) below was given by Masser (see 2]) seventy years later. As far as we know, the other formulae proved in Theorem 2 appear to be new.
In Theorem 1 we also provide, via modular forms, a formula for the case r = s = 1 and any m; which contains an error term. When the error term vanishes this formula yields special cases of (1), i.e. the identities (8), (11) , (12) , (13) and (14) below.
We also give alternative proofs of the ve identities (8){ (12) . These proofs are based on certain formulae of Ramanujan, involving elliptic integrals of the rst kind, 2 GIUSEPPE MELFI contained in his Notebooks 7] . This alternative method is likely to correspond to one of the proofs that Ramanujan had in mind for the identity (10) .
I am greatly indebted to Don Zagier and Umberto Zannier for their illuminating comments. In particular, I am pleased to thank Don Zagier for suggesting the proof of Theorem 1. I express my gratitude to Umberto Zannier for pointing out to me the interpretation of the identities of Ramanujan's type in terms of modular forms, as well as for his constant encouragement and for several helpful suggestions.
Notation and de nitions.
Let F(a; b; c; x) = 2 F 1 (a; b; c; x) denote the Gauss hypergeometric series: The function E 2 ( ) := 1 ? 24 P 1 n=1 1 (n)q n is not a modular form, but is transformed under the action of SL(2; Z) as follows:
We shall also denote E 2k;m ( ) = E 2k (m ): For k > 1; the functions E 2k;m are modular forms of weight 2k for ? 0 (m):
3. Main results.
We begin this section with the following theorem: This proves that F 0;m ( ) de ned by (5) for all n: For (m; n) = 1 this is our theorem. In some cases the error term vanishes, and this yields special cases of identities (1) . In the following theorem we obtain eight identities. This appears in 11, Prop. 3.7, p. 28]. We distinguish three cases, according to the nature of p: (i) p is a regular point, namely it is not a xed point of some non-identical transformation in ?(m). In this case n p (f) = p (! );
(ii) p is an elliptic xed point of period e p 2 f2; 3g (the points in this set are ?-equivalent either to i = p ?1 or to = e 2 i=3 ). Now n p (f) = e p p (! )+k(e p ?1); (iii) p is either 1 or a nite parabolic point. We have n p (f) = p (! ) + k. 15]), hence if we had f 6 0 we should obtain n p (f) 14 for every p 2 H fcuspsg:
In particular n 1 (f) 14: On the other hand, a direct computation shows that formula (7) holds for n = 2; 5; 8; 11; 14; whence n 1 (f) > 14: Therefore f( ) 0; i.e. (7) holds.
We now consider F 0;m ( ) for m = 2; 3; 4. As we saw in the proof of Theorem 1, F 0;m ( ) is a cusp form of weight 4 for ? 0 (m): Further, it is easy to check that dim S 4 (? 0 (m)) = 0 for m = 2; 3; 4 (see 3, Th eor eme 1]). Hence F 0;m ( ) 0; thus proving (8) , (12) and (11) respectively. Again by 3, Th eor eme 1] we have dim S 6 (? 0 (2)) = 0; whence the identities (9) and (10) Equating coe cients of w n for n odd in (15), (16) and (17) and then using (4) and (18), we obtain (8), (9) and (10) respectively.
In a similar manner the identities (11) and (12) can be obtained using 1, Example (ii) and (iii), p. 139] and 1, Entry 3 (i), p. 460] respectively.
